Classifier ensembles are pattern recognition structures composed of a set of classification algorithms (members), organized in a parallel way, and a combination method with the aim of increasing the classification accuracy of a classification system. In this study, we investigate the application of a generalized mixture (GM) functions as a new approach for providing an efficient combination procedure for these systems through the use of dynamic weights in the combination process. Therefore, we present three GM functions to be applied as a combination method. The main advantage of these functions is that they can define dynamic weights at the member outputs, making the combination process more efficient. In order to evaluate the feasibility of the proposed approach, an empirical analysis is conducted, applying classifier ensembles to 25 different classification data sets. In this analysis, we compare the use of the proposed approaches to ensembles using traditional combination methods as well as the state-of-the-art ensemble methods. Our findings indicated gains in terms of performance when comparing the proposed approaches to the traditional ones as well as comparable results with the state-of-the-art methods.
Introduction
In machine learning, a classifier ensemble, also known as ensemble systems, ensemble of classifiers or simply ensembles, can be understood as a collaborative decision-making system composed of N members (individual classifiers), in which a strategy is applied to combine the predictions of ensemble members to generate a single prediction as output [19] . In other words, a classifier ensemble is a two-layer pattern recognition structure in which the first layer is composed of a set of N individual classifiers and the second layer is composed of a combination module [41] . Essentially, the combination module is responsible for combining the outputs of the individual classifiers and for transforming them into a single output, which is the final output of an ensemble. The use of classifier ensembles in machine learning is not recent and, a model and using information of the current instance to be classified. These functions are inexpensive and straightforward in system design and setup, leading to accurate and robust classifier ensembles.
Mathematical Framework
In this section, the mathematical background used in this paper is described, starting with the description of aggregation functions, then going through the description of ordered weighted averaging functions until the definition of generalized mixture functions.
Aggregation functions
Aggregation functions are mathematical tools that have the ability to combine multiple attributes into one single output. These functions are able to transform n attributes belonging to the [0, 1] interval into a single attribute also in the [0, 1] interval. More precisely, The Maximum, Minimum, Arithmetic Mean and Product functions, described in the following example, are classical examples of aggregations. More examples of aggregation functions can be found in [5] . In addition, applications of aggregation functions can be found in several research fields as, for instance, it can be used to model the connectives of fuzzy logic. Among these connectives, it is important to highlight the t-norms and t-conorms functions [42] .
Aggregation functions can satisfy a wide range of properties, not restricted to the monotonicity and boundary conditions. In the definition below, some of these properties are listed. n −→ [0, 1] be an aggregation function. We say that A:
1. is idempotent if, and only if A(x, · · · , x) = x, for all x ∈ [0, 1]; 2. is homogeneous of order k if, and only if A(λx 1 , · · · , λx n ) = λ k · A(x 1 , · · · , x n ), for any λ ∈ [0, 1] and (x 1 , · · · , x n ) ∈ [0, 1] n ; 3. has a neutral element if there is an element e ∈ [0, 1] such that A(e, · · · , e, x i , e, · · · , e) = x i , for all x i ∈ [0, 1] and any coordinate i ∈ {1, · · · , n}; 4. has a absorbing element or annihilator if there is an element a ∈ [0, 1] such that for all i ∈ {1, · · · , n} and (x 1 , · · · , x i−1 , a, x i+1 , · · · , x n ) ∈ [0, 1] n , we have A(x 1 , · · · , x i−1 , a, x i+1 , · · · , x n ) = a;
5. is symmetric if, and only if A(σ(x)) = A(x σ(1) , · · · , x σ(n) ) = A(x 1 , · · · , x n ), for any permutation σ : {1, · · · , n} → {1, · · · , n} and any (x 1 , · · · , x n ) ∈ [0, 1] n ; 6. is shift-invariant if for all λ ∈ [−1, 1], chosen property 3 , we have A(x 1 +λ, · · · , x n +λ) = A(x 1 , · · · , x n )+ λ; 7. has a zero divisor if there is − → x = (x 1 , · · · , x n ) ∈ (0, 1] n such that A( − → x ) = 0;
8. has a one divisor if there is − → x = (x 1 , · · · , x n ) ∈ [0, 1) n such that A( − → x ) = 1.
Of the aggregation functions presented in example 3.1, min, max and arith are idempotent, homogeneous of order 1 (in this case, we say simply homogeneous), symmetric, shift-invariant and do not have zero neither one divisors. In addition, the min function has 1 as neutral element and 0 as absorbing element; the max function has 0 as neutral element and 1 as absorbing element; the arith function does not have neither neutral elements nor absorbing elements; the prod function has 1 as neutral element, 0 as absorbing element, it is symmetric, and does not satisfy any of the other properties.
Remark 3.1. Obviously, other functions (which are not aggregations) can also satisfy these properties.
Ordered Weighted Averaging Functions
In this section, we present a family of aggregation functions, which was introduced by Yager [73] and it is called Ordered Weighted Averaging function. 
where w = (w 1 , · · · w 2 ) is a predetermined vector of weights 4 and (x (1) , · · · , x (n) ) is the decreasing ordering of the input vector (x 1 , · · · , x n ). are example of OWA functions. A more in-depth approach can be found in [29, 30] .
In the following propositions, we present some properties of OWA functions (proofs of these propositions can be found in [73] ). Proposition 3.1. Let w = (w 1 , · · · , w n ) be a weight vector. Then, OWA w is idempotent, symmetric, shiftinvariant and continuous aggregation function, that does not have one and zero divisors. 3 That is,
, if n = 2k and k ∈ N * , where N * = {n ∈ N : n > 0} and
is the k-th lowest coordinate of (x 1 , · · · , x n ) Proposition 3.2. For any weight vector w = (w 1 , · · · , w n ), OWA w is an averaging function. In other words,
Although the aggregation functions have proved to be quite effective in performing the task of encoding multiple information into a single one, other functions have also been widely used in this field. One example is the preaggregation functions, introduced by Lucca et al. in [48] , that are functions of [0, 1] n to [0, 1] that satisfy the boundary condition, but instead of monotonicity, they satisfy the r-monotonicity [7] . Definition 3.4. If there is a directional vector r = (r 1 , · · · , r n ), such that for all k ≥ 0 and (
, then we say that F is r-increasing or that F satisfies the r-monotonicity property.
is a r-preaggregation function if it is r-increasing (for some direction r) and it satisfies the boundary condition, as Definition 3.1.
In [8, 48] , examples of preaggregation functions are presented. In the next subsection, we present the generalized mixture functions, that is also an example of a preaggregation function.
Generalized Mixture functions
As mentioned previously, OWA functions belong to the class of averaging aggregation functions. However, unlike the weighted arithmetic mean function, whose weights are associated with the particular inputs, each OWA weight is associated with the instance magnitude obtained by its input vector. In other words, the importance of each instance is determined by the input vector itself. Generalized Mixture functions (or GM functions), introduced by Pereira et al. [55] [56] , also have the characteristic of designating the importance of an input based on the input vector itself. Nevertheless, unlike in OWA, weights are not fixed and they are defined in a dynamic way in GM. Below, we present the definition of generalized mixture functions. 
n , is called of family of weight-functions (FWF). The Generalized Mixture function or GM function associated to Γ, denoted by GM Γ , is the function GM Γ : [0, 1] n −→ [0, 1] defined by:
Example 3.4. The functions Minimum, Maximum and Arithmetic Mean are examples of GM Γ , with FWF for these functions are respectively:
n , for all i = 1, · · · , n; (d) More generally, any OWA function is also a GM function, and therefore, Median is also a Generalized Mixture function [29] . 
Note that according to item (d) of the previous example, any OWA function is also a GM function. But obviously, the reciprocal is not true. In addition, although GM functions satisfy the boundary condition, they are not always monotonic functions (as shown in the below example). Therefore, a GM function may not be an aggregation one.
, f 2 (x, y, z) = , then Γ = { f 1 , f 2 , f 3 } is a weight function with
This function satisfies the boundary condition, but it does not satisfy the monotonicity property. Since, GM(0.5, 0.2, 0.1) = 0.375 and GM(0.5, 0.22, 0.2) = 0.368.
Farias et al. [29] have proven that the generalized mixture (GM) functions can satisfy several interesting properties. For the purpose of this paper, the most important property is the fact that GM functions satisfy the relation, min(
In addition, Farias et al. provided an special GM function presented in the example 3.6, which made it possible to build a family of GM in [30] . 
where
is a generalized mixture function.
In the following propositions, we present a series of properties that the H function satisfies. For simplicity reasons, proofs of these propositions are omitted. However, the reader can check the validity of all listed properties in [29] . Additionally, it is possible to prove that H is a preaggregation. Although it has been proven that H satisfies all these properties described in the previous proposition, the complexity of this function blocked the verification of the monotonicity property. Proof: H is (k, · · · , k)-increasing, which is based on the fact that H is shift-invariant.
Besides the H function, Farias et al. established in [30] a method in which, from any function Θ : [0, 1] n → [0, 1], it is possible to create a family of GM functions, this method is described by the following proposition.
is a GM function. [30] and [32] . In this paper, we use the H Med , H Arith and H Max functions as a combination method to combine the output of ensembles.
Remark 3.3. The functions H Med , H Arith , H Max , H Min and H Mode also satisfy the properties described in the propositions 2.3 and 2.4.
For a more comprehensive study about the generalized mixture functions, readers are strongly suggested to refer to [29, 30, 31, 32, 33, 55, 56 ].
Classifier Ensembles
As mentioned previously, classifier ensembles can be seen as a group of individual classifiers (or experts) that are combined in order to solve a classification problem in a more efficient way. In general, an ensemble can be considered as a two-layer pattern recognition structure [47] , as illustrated by figure 1. The first layer corresponds to the individual classifiers, the members of an ensemble. In this layer, all individual classifiers receive the input pattern and provide an output. In this part, the individual classifiers can be built using the same training dataset, in a redundant approach [47] . However, the individual classifiers can be built using a different training set, leading to a multi-view learning approach, in which distinct feature sets are assigned to each classifier but all of them perform the same task [15, 16, 17] , or to a multi-task learning approach [62] , in which different features and tasks are assigned to each classifier. In this study, the redundant approach is used. However, this work could be easily extended to a multi-view or multi-task approach.
The second layer of an ensemble represents the combination method, which receives the outputs of all individual classifiers and provides the final output of an ensemble. The main focus of this paper is in the second level, the combination module. For the combination module, there are three main strategies to combine the output of the individual classifiers, which are:
1. Fusion methods: For this strategy, the combination module takes into consideration all the individual classifiers when defining the final answer of an ensemble. In other words, the combination module uses a mathematical tool to combine the outputs of the first layer, and thus to generate the output of the classifier ensemble [1, 40, 69 ]; 2. Selection methods: For this strategy, one individual classifier is selected and is used as a guide to provide the output of the classifier ensemble [47] . Therefore, the final output of an ensemble can be defined as the output of the selected individual classifier; 3. Hybrid methods: For this strategy, both strategies cited above are used. Usually, for hybrid methods, its first choice is selection but the selection strategy is picked if and only if the selected classifier is considered efficient to correctly classify the corresponding input pattern. If not, a fusion method is then selected.
In this paper, we apply a generalized mixture functions as a combination method for a classifier ensembles, applying the fusion strategy described above. Therefore, a more detailed description of this strategy is done in this section.
Suppose we have an ensemble system with N members and we apply this system to the classification of an input instance x, assigning a class label to this instance, among L different class labels. In this scenario, we can describe the behavior of a combination (fusion) method as follows.
In the first step of processing, an input instance x is presented to the all individual classifiers of this ensemble. Then, each classifier C i generates an output for this instance, represented by a vector O i of dimension L, where the j-th position of this vector is written as O j i . This position represents the posterior probability assigned by classifier C i to input pattern x and it defines the degree in which this instance belongs to class j, such that 1 ≤ i ≤ N and 1 ≤ j ≤ L.
In the second step the classification process, the combination module
is applied L times to combine the i-th position of all vectors. Then, we have
In other words, the combination method generates the following vector (
Finally in the third step, the output of an ensemble is a class y such that we have the following equation
where 1 ≤ y ≤ L and the output of the ensemble is the class assigned to the input example. In this case, the class with the highest value obtained by the combination function is selected. In general, if
N ) with i j, the class is chosen randomly between i and j. This whole process can be better understood in Algorithm 1 or by the diagram in Figure 2 . X is the pattern to be classified.
2:
vectors of size L, set initially to 0, N is a number of classifiers.
3:
O i ← Classify-Instance i (X) O i gets the distribution of posterior probabilities of i-th classifier.
5:
Value ← (0, · · · , 0) vector of L dimensions set initially to 0, that represents the output combination.
6:
for j = 1 to L do 7:
is the j-th element of the vector O i .
8:
return MaxIndex(Value) MaxIndex returns the index of the highest value in the vector, that is class of output. Example 4.1. Suppose that we have an ensemble with 3 classifiers (C 1 , C 2 and C 3 ), that is applied to a 2-class classification problem. Given an instance X, suppose that C 1 , C 2 and C 3 provide the following output vectors O 1 = (0.45, 0.55), O 2 = (0.3, 0.7) and O 3 = (0.5, 0.5). Then the combination process using the min operator can be described as follows:
• The combination to the class 1,
• The combination to the class 2,
then value = (0.3, 0.5), so MaxIndex(value) = 2. Therefore, the input pattern is classified according to the ensemble as belonging to class 2.
Generalized mixture (GM)-based Combination method
As mentioned previously, along with the outputs of the individual classifiers, the combination methods can also receive a set of weights as input, also referred to as weighted-based combinations [47] . These weights can represent the confidence of the classifiers in the classification process of a combination method. Basically all combination methods can use weights in their functioning. In order to apply a weighted-based combination method, it is necessary to define this set of weights. Usually, it is defined during the training phase of an ensemble system and they are used throughout the testing phase. In other words, after the definition of the set of weights, they are kept constant during the whole testing phase of an ensemble (static weighting process). However, suppose that an individual classifier received the lowest weight of all individual classifiers for a specific class. In this case, the decision made for this classifier in this class has low chance to be considered by an ensemble, for all testing patterns of this class, since the opinion of the classifier has a small weight.
On the other hand, one of the main advantages of the generalized mixture (GM) functions is that the set of weights can be dynamically defined for each testing pattern. Therefore, the use of GM functions as a combination method eliminates the main problem of the static weighting process, which is the need to define a priori the weights of each individual classifier.
As already presented in Proposition 3.5, the GM functions are constructed using as basis the function Θ, that we call a referential point, for each class. In order to use the GM functions as a combination method in an ensemble (GM-based combination), we assumed that the referential point is an approximation of a consensus among the opinions of all classifiers in an ensemble system. In other words, the referential point is represented by the output of one individual classifier that represents a consensus among the opinions of all classifiers. The selection of the referential point is made for each testing pattern. Once the referential point is defined, the GM functions can be easily adapted to be used as a combination method.
The main aim of the GM function is to define the set of weights based on a defined referential point. Therefore, the weights of an individual classifier for a class is defined, based on the distance of the class output of this classifier from the referential point (selected classifier), in an inversely proportional way. In other words, the classifiers whose outputs are distant of the referential point have low weights, while outputs close to the referential point have high weights. The definition of the referential point can be done by any GM function H Θ . For H Med (Eq. (7)), for instance, the referential point is the median value of all outputs of a class. On the other hand, in H Arith (Eq. (8)) and H Max (Eq.(9)), the referential points are the average and maximum output values, respectively. Figure 3 illustrates the general functioning of the GM-based combination method. As it can be observed in Figure 3 that given a testing pattern, for each class of a problem, the weights are calculated (Weight Calc
Weights Calc
Weights Calc module), based on a referential point. Then, these weights are used, along with the classifier outputs, to define the final output for a testing pattern (value i ). Algorithm 2 presents the GM-based combination method. Given a testing pattern, the weights of each classifier is updated L times (see loop starting at line 7), where L is the number of classes (labels) of the problem. Then, these weights are used, along with the classifier outputs, to provide the final ensemble output.
Algorithm 2 Combination method using a function H Θ .
X is the input pattern to be classified.
5:
Value ← (0, · · · , 0) vector of L dimensions set initially to 0, that represents the output fusion.
6:
weight ← (0, · · · , 0) is an vector of N dimensions initialized with 0's.
7:
for i = 1 to L do 8:
l is the j-th element of the vector O l .
9:
return MaxIndex(Value) MaxIndex returns the index of the highest value in the vector, that is class of output.
The use of a generalized mixture function H Θ as a combination method, can be described by two steps. First, the weight of the each classifier are calculated, using all outputs for a specific class and, secondly, in the weighted average computation (Eq. (3)). These two steps are respectively performed at lines 8 and 9 of Algorithm 2, and these steps are the main difference from Algorithm 2 to algorithm 1. The algorithm for the weight calculation function (line 9 in Algorithm 2) is presented by Algorithm 3.
For a better understanding of the behavior of the H Θ function as a combination method, in the Example 5.1, a simple application of the functioning of a GM-based combination method is shown.
Example 5.1. Suppose that we have an ensemble with 3 classifiers (C 1 , C 2 and C 3 ). Additionally, consider that this ensemble is applied to a 2-class classification problem. Given a testing instance, x, classifiers C 1 , C 2 and C 3 respectively generate three output vectors O 1 = (0.9, 0.1), O 2 = (0.3, 0.7) and O 3 = (0.5, 0.5). Then the combination function H Arith works as follows.
Algorithm 3 Weight calculation of a GM-based combination method.
is a vector of N dimensions initialized with 0's.
Computation of the function Θ to select the referential point. 4 :
while i ≤ N do Computation of the weights of each classifier. 6: if d > 0 then 7:
else 9:
return W The weights vector.
• First, the weights of class 1 are defined (line 3 of Algorithm 3). For H Arith , the referential point of this class is defined as follows.
The sum of distances (line 4 of Algorithm 3) is defined as follows.
then, the weights of each classifier in relation to class 1 (lines 6-9 of Algorithm 3) are defined as,
and the ensemble output for class 1 is defined as follows.
• For class 2, the referential point is defined as follows.
and,
the weights of each classifier in relation to class 2 are defined as follows.
and the ensemble output for class 2 is defined as,
Therefore, as Value = (0.54, 0.46), then MaxIndex(Value) = 1. In this sense, this testing pattern is classified as belonging to class 1, according to the ensemble system using H Arith as a GM-based combination method.
Experimental Methodology
In order to evaluate the feasibility of the proposed approach as a combination module of an ensemble system, an empirical analysis is conducted. In this analysis, the obtained ensembles are applied to 25 classification data sets, extracted from UCI [49] and other repositories. Table 1 presents a description of the used data sets, describing the number of instances, classes and attributes for each data set.
In this analysis, seven practical scenarios are used, varying the number of individual classifiers. Therefore, the seven size scenarios refer to as N = {5, 7, 10, 15, 20, 30, 40, 50}, where N is the number of individual classifiers of an ensemble. In other words, the ensemble size varies from 5 to 50 individual classifiers. In fact, in an initial analysis, we applied the proposed approach for ensembles with more individual classifier (larger ensembles). However, as the behavior of the classifier ensembles were very similar to the ones delivered by ensembles with 20 individual classifiers, we decided to use only these ensemble sizes.
In this analysis, we use heterogeneous ensembles composed of five classification algorithms used as individual classifiers,which are k-NN (k nearest neighbor), Decision Tree, MLP neural network, Naive Bayes as well as Support Vector Machine (SVM). These algorithms are used since they are simple and efficient algorithms and have been widely used in classifier ensembles. All these algorithms are exported from the Weka machine learning package [35] and they are applied with the default parameter setting. For ensemble size 7, they are composed of 2 k-NN and 2 decision trees and 1 MLP, SVM and Naive Bayes. For the other ensemble sizes, we have the same proportion of each classification algorithm. As we are applying a re-sampling procedure similar to Bagging, there was no need to change the parameter setting of the individual classifier for ensembles with more than 5 members. For the combination module, the proposed generalized function uses the following functions H Max , H Arith and H Med , defined in Section 3.3. For comparison purposes, the classifier ensembles with the proposed approach are compared to systems composed of the following static fusion methods: Maximum (Max), Arithmetic mean (Arith), Product (Prod), Majority vote (Vote). In addition, a 10-fold cross-validation is used in which 9 folds are used for training and one for test [43] . Additionally, each data set is performed 10 times, leading to a total of 100 runs for each method in each data set.
In order to validate the performance of the classifier ensembles in a more statistically significant way, we apply the Friedman test and Nemenyi post-hoc test, since these non-parametric tests are suitable to compare the performance of different learning algorithms (for a thorough discussion on these statistical tests, please refer to [27] ). Both tests are applied considering the results of all ensemble for all 100 runs.
An Analysis of the Experimental Results
In this paper, the performance of the classifier ensembles using the generalized mixture functions as a combination method is evaluated. In order to do this, the average accuracy of a classifier ensemble is used as the evaluation metric, for all 25 different data sets. In other words, for simplicity reasons, the accuracy of a specific classifier ensemble is averaged over all 25 data sets.
In this section, we divide the result analysis into three parts. The first two parts analyzes the performance of the proposed methods, assessing the impact of the ensemble sizes in the performance of the classifier ensembles and a comparative analysis of all classifier ensembles. In the last part, the proposed method is compared to some of the state-of-the-art ensemble generation methods.
Ensemble Size
In this first analysis, we evaluate the overall average accuracy of the classifier ensembles, when increasing the number of members in an ensemble. Table 2 : Results (accuracy±standard deviation) for ensembles with the proposed combination methods and the traditional ones
As it can be observed when analysing the different columns of Table 2 , the increase of the number of classifiers had different effect in the performance of the different combination methods. For the proposed approaches, there is a increase and stabilization in accuracy (with some small decreases), when increasing the number of classifiers. When moving the ensemble sizes from 5 to 20, there is an increase in accuracy, and, after that, there is a stabilization in accuracy. For H Max and H Med , for instance, the ensemble size that provided the highest accuracy level was the one using 40 individual classifiers, while 50 is the ensemble size with the highest accuracy level for H Arith . However, from ensemble size 20 to 50, the accuracy levels are very similar, tending to a stabilization in performance of all three proposed combination methods.
The interesting aspect of Table 2 is that the performance of the classical combination methods had the opposite pattern of behaviour, decreasing the accuracy level when increasing the number of classifiers. For instance, the decrease in accuracy reached 10 percentage points for the Prod combination method. For all three static combination methods, the ensemble size with the highest accuracy level was 5.
Therefore, based on Table 2 , we can state that the increase in the number of classifiers had a positive effect in the performance of the proposed combination method, H Max , H Arith and H Med . On the other hand, the increase in the number of classifiers had a negative effect in the performance of the classical combination methods.
Another important point to note is that the proposed methods have a stable accuracy. We can observe that there are no abrupt changes in the accuracy of the proposed methods, when varying the ensemble size. For the traditional combination methods, the change in performance is much more notable than in the proposed approach. This is an indication that the definition of the ensemble size does not have a strong influence in the performance of classifier ensembles using a GM-based combination method.
Combination Methods
Once we have analysed the performance of the combination methods when varying the ensemble size, in this section, we compare the performance of all combination methods (proposed and static ones), for each ensemble size. In order to do this, the last column of Table 2 presents the best combination method for each ensemble size.
When analysing the last column of Table 2 , we can observe that the ensemble system with the highest overall accuracy was the one combined by the arithmetic mean, when the classifier ensembles have 5 members. For all other ensemble sizes, the ensemble system with the highest overall accuracy was one of the proposed methods, H Arith , H Max or H Med . It is important to emphasize that the best accuracy of the proposed approaches was obtained when a large number of classifiers were used, from 7 members. This might be an indication that this type of combination must be used when a high amount of information is available.
When using 5 members, we believe that the proposed approaches did not have enough information to make an efficient decision and their performance were surpassed by a single combination such as arithmetic mean. However, when using ensembles with 7 or more members, the proposed approaches improved and provided better performance than all classical combination methods. When using ensembles with 20 members, for instance, the difference in performance of H Max and product reached 10 percentage points, which is remarkable in terms of accuracy gain. For ensemble sizes higher than 20, the performance of all combination methods stabilized, maintaining a high difference in accuracy of the proposed methods in relation to the static ones.
Given that an analysis taking into account only the overall accuracy might not be so conclusive, some statistical tests are applied. The main goal is to analyze the statistical significance of the differences presented by the experimental results of the classifier ensembles presented in this paper.
In this statistical analysis, we first apply the Friedman test to evaluate the statistical significance of the performance of all combination methods (proposed and static ones). Then, when the Friedman test indicates statistically significant differences among all analyzed combination methods, we apply the Nemenyi post-hoc test, to perform a two-by-two comparison. In this paper, we consider a confidence level of 99%, p < 0.01 to reject the null hypothesis, in both statistical tests. For the Post-hoc test, there are two possible results, which are defined as follows.
• p > 0.01, do not reject the the null hypothesis [(H 0 )]: In this case, there is no statistically significant difference. In other words, the performance of one ensemble system can not be said to be statistically superior to the other one;
• p < 0.01, reject the the null hypothesis [(H 0 )] and accept the alternative hypothesis [(H 1 )]: In this case, as we accept the alternative hypothesis, we can state that the performance of both systems are statistically different. Therefore, it can be said that the performance of one ensemble system is statistically superior to the other one.
We applied the Friedman test in the accuracy levels of all combination methods and the results detected statistical significant differences in all 25 data sets (p < 0.01). Then, we applied the Nemenyi post-hoc test for each two-by-two combinations. In Table 3 , the results of the Nemenyi post-hoc test are presented. In this table, as we are interested in the comparison between the proposed approaches and the static traditional ensemble methods, each proposed method is allocated in one line, while each columns represents one traditional method. In addition, each cell of this table is represented in the the x − y − z format, where x represents the number of wins detected by the statistical test in favor of the the line method, y represents the number of draws and z represents the number of statistically significant differences not in favor of the line methods.
Ensembles with 5 members Table 3 : Results of the pairwise statistical test, in the x − y − z format, where x = number of wins of the line methods, y = number of draws and z = number of losses of the line methods.
From this table, we can detect that the results of the statistical test corroborate with the results of Table  2 . When comparing the proposed approaches with the maximum, Max, combination method (first column of Table 3 ), we can observe that the values of x are much higher than y and z, showing that the proposed approaches provided better performance than the maximun combination method, from a statistical point of view. This pattern of behavior was observed to all ensemble sizes.
In relation to the other traditional combination methods (Arith, Prod and Vote), we can see a slightly similar behavior to maximum method. In other words, the proposed methods achieved better performance than the traditional combination methods, from a statistical point of view, for the majority of ensemble sizes. The only exception is ensembles with 5 members, in which the traditional methods had better performance, since y is higher than x and z. When using ensemble with 50 member, for instance, H Arith and H Med had performance statistically better than Max, Arith and Vote, for all 25 datasets.
These results showed that the proposed approaches improved the performance of the classifier ensembles and this improvement proved to be statistically significant for the majority of data sets, mainly for large classifier ensembles.
In summary, based on the empirical analysis of this section, we can conclude that the proposed approaches provide more accurate classifier ensembles, when compared to traditional combination methods. However, the best scenarios for the proposed approaches are those with 20 or more members in classifier ensembles, where a high amount of information is available.
Comparative Analysis: Ensemble Generation Methods
Once the comparison with traditional ensemble techniques was conducted, a comparison with recent and the-state-of-the-art ensemble generation techniques is conducted. In this comparative analysis, we have selected four ensemble generation techniques with different functioning and data processing, which are described as follows. Table 4 presents the accuracy levels of all ten ensemble methods. The proposed methods with 40 members are used in this table since it provided the overall best performance. The results of the first two methods (Random Forest and XGBoost) were obtained by an implementation done by us. However, for the remaining five methods, we used the original results, provided in [25] and [34] . In these papers, a different experimental methodology was used and this may cause a slight difference in the obtained results. However, we would like to have a general picture of the performance of the proposed methods and we decided to use these methods in this comparative analysis. Additionally, this comparative analysis uses a different group of datasets and some cells of Table 4 are empty since the corresponding ensemble methods were not applied to the line datasets. In this table, the bold numbers represent the ensemble method with the highest accuracy level for a dataset.
As it can be seen in Table 4 , the highest accuracy was obtained by one proposed methods in 13 datasets, being H Med the one with more bold numbers. XGBoost also had an outstanding performance with the highest Table 4 ). We then applied the Friedman test for the first 5 columns of Table 4 , obtaining a p-value = 0.021. In other words, the statistical test did not detect a significant difference in performance of these five ensemble generation techniques. It is important to highlight that DES − RRC, MET A, MET AO, P2 − S A and P2 − WT A were not included in the statistical test since we only had access to the mean accuracy and standard deviation of these techniques, not allowing the application of the statistical test.
It is important to emphasize that the results obtained in this paper are promising since XGBoost is a scalable and accurate implementation of gradient boosting machines and it has proven to push the limits of computing power for boosted trees algorithms and has been developed for the sole purpose of model performance and computational speed. In other words, it is a powerful and complex ensemble generation method. On the other hand, the proposed methods are simple and inexpensive combination methods that have reached performance similar performance than XGBoost, from a statistical point of view.
Our final analysis is related to the execution time processing for all ensemble techniques. The execution time was measured in seconds and Table 5 As it can be observed in Table 5 , the simple combination methods (Max, Arith, Prod and Vote) achieved the lowest execution times. However, these methods provided the lowest accuracy levels. Then, RF achieved the lowest time, followed closely by H Arith . Finally, the three ensemble methods with the highest execution times are, in an ascending order, H Max , H Med and XGBoost.
There are some interesting aspects in Table 5 that need to be highlighted. First, this was an expected result since the simple methods provided the lowest time and XGBoost achieved the highest execution time. Second, the H Med execution time is much lower than H Max and H Max . H Arith uses the average value as the referential point, while H Max and H Med use the maximum and median, respectively. The calculation of maximum and median needs a sorting procedure, which requires more time than the average calculation procedure. Finally, although random forest (RF) has slight lower execution time than H Arith , we can observe that the execution time of H Arith for small ensembles is lower than RF. Only when using 30 and more classifiers that RF had lower execution time.
In summary, we can conclude that the main disadvantage of a dynamic combination method is the increase in complexity when increasing the ensemble size. Nevertheless, one proposed method, H Arith , had a comparable execution time, when compared to RF.
Final Remarks
In this paper, we studied the problem of combining classifiers in ensemble, proposing a new approach for a combination method based on generalized mixture functions, that are H Max , H Arith and H Med . We presented the fundamental notions of the generalized mixture functions as well as its adaptation for a fusion method used in classifier ensembles. In order to evaluate the feasibility of the proposed approach, an empirical analysis was conducted, using classifier ensembles varying from 5 to 50 members and applied to 25 different classification data sets. In this analysis, we compared the use of the proposed approaches to classifier ensembles using traditional combination methods, Maximum (Max), Arithmetic mean (Arith), Product (Prod), Majority vote (Vote). Additionally, the proposed methods were also compared to the state-of-the-art ensemble generation methods.
As a result of this empirical analysis, we concluded that the generalized mixture functions H Max , H Arith and H Med can actually be used as a framework for the combination of individual classifiers in the design of accurate classifier ensembles. In addition, we concluded that the proposed combination method has better results when a larger amount of information (or opinions) is available for fusion. In other words, when we have a relatively large number of members in the classifier ensemble. When compared to the the state-of-the-art ensemble generation methods, the proposed methods had an outstanding performance, outperforming most of these methods that included Random Forest, widely used in for classifier ensembles.
It is important to note that the ensemble used in this paper deal with the single-label classification problems. In other words, the instances of a data set only belong to a unique class of the problem. As future work, we intend to address the multi-label classification problem and also we are interested in investigate the application of generalized mixture functions in the data clustering problem.
